To integrate x to power x

There is no elementary function for finding the integral fxx dx (at least to me). However, hereis a

challenge for you to find the definite integral fol x*dx .

. x  x*  x3  x* o XK . e . .
(a) Given e*=1+ I + o + e + o + .= Zk:og , express x* in terms of an infinite series.
(b) Use integration by parts, or otherwise, show that :

[x™(Inx)"dx = miﬂxr’““(lnx)rl - mLﬂfxm(ln x)"1dx ,  where In stands for the

logarithm base e and we don’t write the integrating constant for simplicity.

(c) (i) UseI’'Hospital’s rule to show that lim,_,+ x™(Inx)" =

. 1 _p nge — 0l p n-1
(i) Showthat [ x"(Inx)"dx = n+1f0 x"(Inx)™ 1dx

1 n n _ (—1)nn!
And Jy x*(Inx)"dx = T
_1\k+1
(d) Prove that folxx dx=1 _2124_3%_414_,_ . — Zl°<°=1( 1)1{

(e) Prove that folx_xdx=1+2%+3%+4i4+-~=Zl°<°=1§.

(a) xX = eXlnx
. x x>  x3  x* o XK
Since e*=1+-+—+++- =Zk=0E,we have
X =14 xInx n x%(Inx)? n x3(Inx)3 n x*(lnx)* 4= Z}O(o=0 xk(ll:x)k

1! 2! 3! 41
(b) Method 1
[ = [xM(Inx)"dx

let u=(Inx)",dv=xMdx. Then du= n(lnx)“‘lidx, V= m%rlxm+1

Using integration by parts, we get:

1
[=[xM(Inx)"dx = —

m+1 n___Dn m n—-1
x™*1(Inx) m+1fx (Inx)"*1dx
Method 2

% [x™*1(Inx)"] = (m + 1)x™(Inx)" + n(In x)n_lixm = (m+ Dx"(nx)"* + n(Inx)"~1xm-1



Integrate both sides,
x™M1(Inx)" = (m+ 1) [x™(nx)"dx + n [ x™1 (Inx)""1dx

Therefore, [ x™(Inx)"dx = miﬂxmﬂ(lnx)n - miﬂfxm(ln x)"1dx

i (Inx)" Lanon n(inx)" 12
(c) (i) = limy o+ x"(InX)" = limy o+ ——- =wnr) limy o+ E—— = = lim,_, o+ =
dx
. n(lnx)?~1 n(n-1)(Inx)"~2 . n! . n!x™
= 111’1’1X_,0+ (—n)x (LHR) llmx_>0+ —(—n)zx—m — cee — llmX—>0+ (——n)nx_m — llmx_>0+ (_n)n

=0

(i) By(b),f n(lnx)“dx—

ﬁ fol x"(Inx)""dx

— 0 _ 1; n+1 n__ 0 rl p n-1
=0 XIL%LX (Inx) n+1f0x (Inx)™ 1dx

_ _n 1 4 n—-1 . _
= n+10x(lnx) dx ,by(c)(i)) wherem=n+1

20D [ (Inx)"~2dx , by (b) and (¢) (i)

(n+1)2

_ (=™ 14 _ (=1)"n!
" (n+1)n fo x'dx = (n+1)n+1

xK(Inx)K

(d) fx dx—f Yo —— — dx ,by(a)

=y o f x¥(Inx)K dx

w 1 (-Dkk! .
= Zk=oﬁ DK 7 by (c) (ii)

( 1) . (_1)k+1
= Zk 0 (k+1)k+1 = Zk:lT =~ O 783431
(-1kxk(n x)k

(e) Check: x7*=3, <

(-DkxK(Inx)k

1 _ 1 woo 1
fox XdX=f0 Zk:OT = Ykeo k,) f k(lnx)k dx

(DX =Dk (-Dk1
= Zk=0 k' (k+1)k+1 Zk 0(k+1)k+1

= Yy ~ 1.29129
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